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Temporally resolved electro-optic effect
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The electro-optic effect between an ultrafast optical probe pulse and an ultrashort terahertz pulse is shown
to depend on the time derivatives of the product of the probe and terahertz electric fields. Application of this
theory to temporally resolved single-shot terahertz detection techniques, where the electro-optic effect is
temporally localized within an optical probe pulse, shows that the description presented here differs funda-
mentally and verifiably from that commonly used in literature. © 2006 Optical Society of America
OCIS codes: 320.7110, 190.2620.
Single-shot electro-optic (EO) terahertz (THz) detec-
tion techniques are of growing interest, and, for ex-
ample, have been establishing themselves at the fore-
front of ultrafast relativistic electron-beam
diagnostics. Techniques for the single-shot EO detec-
tion of the relativistic Coulomb field of ultrashort
electron bunches have been developed and demon-
strated at several laboratories, such as the FELIX
FEL facility in the Netherlands,1,2 the Stanford Lin-
ear Accelerator Center3 and Brookhaven National
Laboratory4 in the United States, and the VUV FEL
facility at DESY in Germany.5 EO detection is now
widely considered to be one of the most promising
techniques for ultrafast electron-beam diagnostics.

In this Letter we develop the theory of the EO ef-
fect to describe intrapulse temporal modulations in
arbitrary ultrafast pulses, as required for single-shot
THz detection techniques. In previous experiments
and analyses of the EO effect where the time-
localized changes to the optical probe were sought,
the EO effect has been described as an additional op-
tical field generated according to the product of the
optical and THz fields,6–9 Eopt

out�t�=Eopt
in �t��1+aETHz�t��,

where a is a constant. In this Letter we show that,
contrary to this, the EO-generated optical field is in
fact proportional to the time derivative of the fields,
Eopt

out�t�=Eopt
in �t�+ad/dt�Eopt

in �t� ·ETHz�t��.
Following the approach of Gallot and

Grischkowsky,10 the EO effect is derived from the co-
herent addition of fields generated through sum- and
difference-frequency mixing of THz and optical fields.
With this approach, Gallot and Grischkowsky de-
rived a frequency-dependent EO phase change,
which they then used to derive the change in inte-
grated probe intensity, for a specified time delay be-
tween optical and THz pulses. In contrast, here we
obtain the electric field as a function of time within
the optical pulse, necessary for application to single-

shot THz detection techniques.
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The two-photon polarization for THz and optical
frequency mixing is written in an arbitrary axis
frame as Pi=�0�j�k�ijk

�2�Ej
THzEk

opt, where the subscripts
denote the geometrical components. Following a coor-
dinate transformation to a principal axis frame of ref-
erence in which the induced polarization and input
optical field are parallel, we have Pi=�0�eff,i

�2� ETHzEi
opt,

where ETHz without subscript refers to the THz field
magnitude rather than any particular geometrical
component. In this principal axis frame we can exam-
ine the EO effect in a single-axis component with no
loss of generality; in the following, a single principal
axis is considered, and the corresponding component
subscript is omitted.

For sum-frequency generation11 the THz, optical
probe, and sum-frequency electric fields are defined
in the frequency-domain terms of an envelope A�z ,��
and a fast oscillating factor; for the THz fields we
have ẼTHz�z ,��=ATHz�z ,��exp�iRe�kTHz�z�, while the
optical input and sum frequency fields are similarly
denoted with the subscripts opt and sum, respec-
tively. k is the wavenumber of the respective fields.
The difference frequency field can be obtained from
the Hermitian property of the fields, and so is not ini-
tially considered explicitly. Applying the slowly vary-
ing envelope approximation to the optical field enve-
lopes, Aopt,Asum, the solution to the wave equation
�� /�z+kI�Asum�z ,�sum� = exp�− ikR��sum�� � i�0�sum

2

�P��opt,�THz� /2kopt
R ��sum� is10,11

Asum�z,�sum� =
i�sum

2 �eff
�2���sum;�opt,�THz�

2c2kopt
R ��sum�

� �exp�i�kz� − 1

i�k 	exp�− kopt
I ��sum�z�
� ATHz�0,�THz�Aopt�0,�opt�, �1�
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where the difference in wave vectors is denoted �k
=kopt��opt�+kTHz��THz�−kopt��sum�, and kR,kI are the
real and the imaginary parts of k. Energy conserva-
tion requires that for the sum-frequency generation
�sum=�opt+�THz, which allows elimination of the in-
put optical field in Eq. (1); in the following we write
�eff

�2���sum;�opt,�THz�=�eff
�2���sum,�THz�. Similarly �k

can be considered as a function of only �sum and �THz,
which we denote with �k
�k��sum,�THz�=kopt��sum
−�THz�+kTHz��THz�−kopt��sum�. For additional clarity,
the THz frequencies are denoted �
�THz in the fol-
lowing equations. While Eq. (1) was derived from the
perspective of sum-frequency generation, the more
general result encompassing both sum- and
difference-frequency generation is obtained by allow-
ing negative THz frequencies.12 In extending the THz
range to negative frequencies, it is also necessary for
the wavenumbers to be related by k�−��=−k*��� so
that the wave propagation direction is fixed. With
this extension, integrating Eq. (1) over the THz spec-
trum, and recognizing that at z=0 the envelopes
A�0,�opt� and fields Ẽ�0,�opt� are identical by defini-
tion, the total sum- and difference-frequency field at
frequency � is

Ẽsum�z,�� =
i�2

2c2kopt
R ���

exp�ikopt���z�

��
−�

�

d���eff
�2���,���exp�i�k��,��z� − 1

i�k��,�� 	
� ẼTHz�0,��Ẽopt�0,� − ��
 , �2�

where the subscript sum in Ẽsum indicates the sum
over positive (sum-frequency generation) and nega-
tive (difference-frequency generation) THz frequen-
cies. We note that Eq. (2) is equivalent to that given
by Gallot and Grischkowsky,10 with the exception
that they repeat the above calculation for negative
THz frequencies and include this as a distinct “differ-
ence frequency” generation contribution. Their result
also differs from Eq. (2) with only the real part of ��2�

considered to play a role; while such a conclusion can
be obtained if the medium is assumed to be lossless,
here we make no such assumption.

To proceed further, three closely related approxi-
mations in the material optical properties are in-
voked, while maintaining the generality at THz fre-
quencies: (i) a frequency independent optical
absorption coefficient, such that kopt

I ��opt�=kopt
I ���


	, where 	 is constant; (ii) zero optical group-
velocity dispersion, such that kopt

R ��opt�= ��opt/c�nopt,
kopt

R ���= �� /c�nopt, where nopt is constant; and (iii)
that ��2� is independent of the optical frequency, such
that ��2��� ,��
�eff

�2����. In the first two approxima-
tions it is implicit that the sum and difference fre-
quency falls within the optical spectral region. The
third approximation actually follows as a natural
consequence of the first approximations, through the

�2�
separability of � �� ,��� f���g���, and the propor-
tionality between the functions f��� ,g��� and the EO
material permittivity.13

In addressing phase matching, �k is expanded in a
Taylor series about the frequency �; �k�� ,��
= �kopt���− ��kopt/�������+kTHz���−kopt���. Identify-
ing ���kopt/������ with the inverse of the optical group
velocity ng��� /c, and utilizing the zero group-velocity
dispersion approximation with ng���=ng

opt where ng
opt

is a constant, we obtain a wavevector mismatch de-
pendent only on the THz frequencies, �k���
=kTHz���−ng

opt� /c.
Therefore, using only the three specified approxi-

mations on the optical properties, the complex spec-
trum of the sum- and difference-frequency fields be-
comes

Ẽsum�z,�� =
z

cnopt
exp�i�

noptz

c
− 	z�i��

−�

�

d�

��eff
�2����
���ẼTHz�0,��Ẽopt�0,� − ��,

�3�

where 
��� 
 � exp�i�k���z� − 1

i�k���z 
 . �4�

The frequency mixed fields in the time domain are
obtained from the Fourier transformation of the
fields given in Eq. (3), Esum�z , t�
FT�Ẽsum�z ,���; rec-
ognizing the Fourier transform of the convolution of
���eff

�2�
ẼTHz�* Ẽopt����, together with the identification
of FT�−i�G̃����=dG�t� /dt, where G�t�
FT�G̃����, it
can be concluded that

Esum�z,t� = −
z

cnopt
exp�− 	z�

�
d

dt
���t

�2��t − �� � 
t�t − �� � ETHz�0,t − ���

�Eopt�0,t − ���, �5�

where �
noptz /c. In Eq. (5), 
t�t� and �t
�2��t� are the

Fourier transforms of 
��� and �eff
�2����, respectively.

For compactness, in the following we write an effec-
tive observable THz field as ETHz

eff �0, t�

�t

�2��t��
t�t��ETHz�0, t�. In many practical situa-
tions, for example, where a suitably thin EO material
is used and the THz spectrum is below 2 THz,
�eff

�2����
��� may be sufficiently flat over the THz spec-
tral range that the time domain response can be ap-
proximated by a delta function, �t

�2��t��
t�t�→�
�t�,
where � is constant, and hence ETHz

eff =�ETHz.
Having determined the temporal domain form of

the optical field generated through frequency mixing
with the THz field, in the small-signal limit where
the field strength of this generated field is small com-
pared with that of the input optical field, it follows
that the total field can be written as the sum of the
input optical field and the optical sum- and

difference-frequency field,
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Ẽtotal�z,�� = Ẽopt�z,�� − i�B exp�i����ẼTHz
eff � Ẽopt��0,��,

�6�

Etotal�z,t� = Eopt�z,t� + B
d

dt
�ETHz

eff �0,t − ��Eopt�0,t − ���,

�7�

where B
−z /cnopt exp�−	z�.
The equivalent frequency-domain and time-domain

expressions of Eqs. (6) and (7) are quite general and
are applicable to temporally localized modulations
within an optical pulse, such as those used for single-
shot THz measurements. They also describe the com-
mon effects of EO phase retardation in a Pockels cell
and of EO frequency shifting. For a constant dc THz
field ETHz

eff , and a monochromatic optical input
Eopt�t�=Eopt

�0� cos��0t�, the time-domain expression
leads to Etotal�t��Eopt

�0� �cos��0t�−�0BETHz
eff sin��0t��

�Eopt
�0� cos��0t+��, where the retardation phase shift

is �=�0BETHz
eff . In the case of monochromatic THz

and optical fields, frequency sidebands are gener-
ated, as is most easily seen in the frequency-domain
expression; the convolution in Eq. (6) will result in
fields at the sum and difference frequencies �opt±�.

We note that the common description for the EO ef-
fect within chirped optical pulses6–9 Eopt

out�t�=Eopt
in �t��1

+a ·ETHz�t�� is neither compatible with the result pre-
sented in Eq. (7) nor capable of producing a retarda-
tion phase shift as described above; that earlier de-
scription must be considered incorrect. In looking for
experimental evidence of the time-derivative descrip-
tion presented here, we note that the time derivative
introduces a � /2 phase shift between input and EO
generated fields. The time derivative is therefore ob-
servable in the relative phase of the input and EO
generated fields. Jamison et al.8 have reported spec-
tral interference observations for chirped pulses
modulated by unipolar THz pulses that are capable
of distinguishing this relative phase. Their experi-
ments were explained through the incorrect Eopt

out�t�
=Eopt

in �t��1+a ·ETHz�t�� description of the EO effect.
However, a reanalysis of their experiment shows an
incompatibility between experimental observations
and that description of the EO effect, while in con-
trast producing excellent agreement when using the
time-derivative description given here; briefly, the ef-
fect of a quarter-wave plate, introducing a further
� /2 phase shift, was not accounted for in their analy-
sis and led to the misleading apparent agreement in
experiment and (incorrect) theory.

For very short THz pulses, or for optical probe
pulses only a few cycles long, experimental conditions
that are increasingly encountered in both electron
beam diagnostics and in pump–probe THz
spectroscopy,14 the derivative d/dt�Eopt

in �t�ETHz�t�� in
Eq. (7) will contain nonnegligible contributions from

the derivatives of the THz field and of the optical
pulse envelope. These contributions will remain in
phase with the input field, producing an amplitude
modulation proportional to the THz field strength,
whereas the derivative of the optical carrier field will
be � /2 out of phase with the input optical field, pro-
ducing a net phase shift.

In conclusion, a time-domain description of the EO
effect has been derived. The dependence on the time
derivatives of the fields differs fundamentally from
previous descriptions and is necessary for consis-
tency with experimental observations. New ampli-
tude modulation contributions are shown to arise for
very short THz pulses or few-cycle optical pulses.

This work was supported by the UKRC Basic Tech-
nology and the FOM/NWO programs. S. Jamison’s
e-mail address is s.p.jamison@dl.ac.uk.
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