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A comparison is made between two reduced models for studying laser propagation in underdense
plasma; namely, photon kinetic theory and the slowly varying envelope approximation. Photon
kinetic theory is a wave-kinetic description of the electromagnetic field where the motion of
quasiparticles in photon coordinate-wave number phase space is described by the ray-tracing
equations. Numerically, the photon kinetic theory is implemented with standard particle-in-cell
techniques, which results in a so-called photon-in-cell code. For all the examples presented in this
paper, the slowly varying envelope approximation is accurate and therefore discrepancies indicate
the failure of photon kinetic approximation for these cases. Possible remedies for this failure are
discussed at the end of the paper. © 2008 American Institute of Physics. �DOI: 10.1063/1.2834300�

I. INTRODUCTION

The study of propagation of short, intense laser pulses in
underdense plasma is relevant to applications ranging from
x-ray lasers1 to particle accelerators2 and radiation sources.3

At high intensities and for short duration, the evolution of
optical pulses is highly nonlinear and dominated by the re-
sponse of the plasma medium. This leads to interesting ef-
fects such as Raman scattering,4 relativistic self-focusing,5

and strong wakefield excitation.6 Under certain circum-
stances, the nonlinear evolution of the laser pulse leads to
self-injection and acceleration of electron bunches into the
plasma wake.7 Furthermore, there is an interesting analogy
between the propagation of a relativistic electron bunch in a
plasma and the evolution of a laser pulse in plasma.8 This
analogy is most elegantly elucidated by the photon kinetic
theory,9 which models the laser pulse as a collection of qua-
siparticles with classical position-wave number phase-space
coordinates that follow the ray-tracing equations. This re-
duced approach, where phase-space coordinates compare
with the position-momentum coordinates of relativistic elec-
trons, allows the reinterpretation of certain aspects of laser-
plasma interactions in terms of well-known beam-plasma
instabilities.10 However, even though the analogies are very
attractive, it is important to assess the limits of validity of the
photon kinetic approach. In this paper we do so by choosing
several standard problems and comparing the results of nu-
merical simulations of laser pulse propagation using two dif-
ferent codes, one based on the slowly varying amplitude ap-
proximation and the other based on the photon kinetic
method.

The organization of this paper is as follows. An introduc-
tion to photon kinetic theory is given in Sec. II, which is
followed by a brief description in Sec. III of the numerical
implementation of photon kinetic theory with a so-called
photon-in-cell code. The main results of this paper are given
in Sec. IV, in which four examples of simulation results with
varying degrees of agreement between the envelope and the
photon kinetic methods are presented. Because in all cases
described here the slowly varying envelope approximation is
known to be valid, any difference between the two results

implies a failure of the photon kinetic method.11 Possible
remedies for these failures are discussed in Sec. V and con-
clusions are offered in Sec. VI.

II. PHOTON KINETIC THEORY

The photon kinetic theory, which is one particular ex-
ample of the so-called wave-kinetic theories,12 has emerged
from the phase-space formulation of quantum mechanics.13

This formulation employs the Wigner transform to define a
phase-space density W�x , p , t� from the wave function
��x , t�, as given by
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The phase-space density W is real, but not necessarily posi-
tive. Although W is not a probability density in phase
space—according to Heisenberg’s uncertainty principle, no
such quantity can exist—it does have similar properties; for
example, the integration of W over p or x yields the correct
non-negative value for the probability density in position or
momentum, respectively. From the Schrödinger equation one
derives the following equation for the time evolution of W:
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where V�x , t� denotes the �real-valued� potential. The infinite
series on the right-hand side occurs naturally as a Taylor
expansion around s=0. In the classical limit ��→0�, only
the n=0-term on the right-hand side survives, and reduces
Eq. �2� to
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A wave-kinetic theory is what emerges when a similar reduc-
tion is performed on a classical wave theory rather than the
Schrödinger equation. In addition, one usually considers the
corresponding W as a continuous distribution of so-called
quasiparticles rather than a phase-space probability density.
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In the case of the photon kinetic theory, the following Vlasov
equation is deduced from Maxwell’s equations:10
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for a distribution f�x ,k , t� of quasiparticles. We will simply
refer to these particles as photons, although they should not
be confused with photons in the quantum-mechanical sense.
Furthermore, � is the frequency of the photon, as given by a
local dispersion relation �2�x ,k , t�=c2k2+�p

2�x , t�, where �p

is a generalized, space and time-varying plasma frequency.
The local dispersion relation is not exact, but is an approxi-
mation similar to that producing Eq. �3� from Eq. �2�. The
space and time dependence of �p follows from the particular
model selected to describe the plasma response, several ex-
amples of which will be given below. The Vlasov equation
describes the transport of f along photon trajectories, which
are given by ray-tracing equations. The time variation of �p

results in a frequency change, an effect known as photon
acceleration.14

It is clear that the concept of a single quasiparticle makes
little sense, because it would be sharply localized both in
coordinate x and wave number k and would violate the un-
certainty principle. Thus only a distribution of quasiparticles
that occupies a sufficiently large phase-space volume is al-
lowed, as given by �x�k�2�, which is basically the
equivalent of the uncertainty relation. We should stress that a
wave-kinetic theory is a reduced description, as it is the re-
sult of an approximation similar to the one that leads from
Eq. �2� to Eq. �3�. Therefore, it is important to investigate
whether this reduction can be justified.

III. PHOTON-IN-CELL METHOD

The appealing mathematical elegance of the photon ki-
netic method has inspired several authors to construct nu-
merical codes based on the approach.15–18 All of these use
the photon-in-cell algorithm described below. The numerical
implementation of Eq. �4� uses a Klimontovich distribution,

f�x,k,t� = �
i=1

N

��x − xi�t����k − ki�t�� , �5�

of N macroparticles that are convected in a Lagrangian man-
ner by integrating the ray-tracing equations for �xi ,ki�. The
distribution of the form of Eq. �5� results in a vector potential
envelope,

�a�2�x,t� =� f�x,k,t�
��x,k,t�

dk , �6�

which is a collection of �-spikes located at photon positions
xi. For a sufficiently large value of N, a smooth distribution
of �a�2—corresponding to a smooth f—can be computed on a
fixed �Eulerian� spatial grid using the well-known particle-
in-cell method,19 which effectively gives the macroparticles
a finite size. A self-consistent calculation requires the force
to be recomputed on the grid at each time-step using the new
�a�2-distribution. The subsequent �xi ,ki�-update involves an
interpolation of the force from the grid to the photon posi-

tions. Although this implementation is numerically straight-
forward, one must ensure that discrete particle effects are
reduced sufficiently. This is usually done by carefully choos-
ing the number and initial distribution of the macroparticles,
and the magnitude of the time-step. It may even be necessary
to introduce artificial smoothing of the force distribution
�e.g., by Fourier filtering�.15

IV. COMPARISON OF RESULTS

A. Channel guiding

It is sometimes argued that wave-kinetic theories lack
phase information and are therefore unable to deal correctly
with interference effects.17 While it is true that the wave
function ��x , t� can be reconstructed from Eq. �1�, this can
only be done up to an arbitrary phase factor that is constant
in x, but may vary with t. In practice this is not a problem,
because for the calculation of expectation values this arbi-
trary phase factor is irrelevant anyway. Another question is
whether phase information is lost in the transition from Eq.
�2� to Eq. �3�. The naïve answer to this is “yes, of course,”
because Eq. �3� describes the probability density of classical
particles, and it is clear that these do not exhibit interference
effects. However, the answer turns out to be a bit more
subtle. We illustrate this by presenting a simple one-
dimensional model of laser pulse guiding in a preformed
plasma channel waveguide,20 considering only one trans-
verse coordinate x and time t, for simplicity. The equation for
the slowly varying envelope a�x , t� of the dimensionless
transverse vector potential eA /mc2 is

2i	0
�a

�t
+ c2�2a

�x2 = 	p
2C�x�a , �7�

where 	0 is the laser carrier frequency, 	p
2 =4�ne2 /m defines

a reference plasma frequency 	p, and n is the plasma density.
The function C�x� defines the profile of the plasma channel.
The slowly varying envelope approximation is based on the
assumption 	0
	p �underdense plasma�. Conveniently, Eq.
�7� is just the Schrödinger equation in disguise, with a play-
ing the role of � and C playing the role of the potential V. If
we take C to be a quadratic function C�x�=1+x2 /y2, we
obtain the exact analog of the quantum harmonic oscillator.
The eigenstates of the harmonic oscillator, given by the well-
known Hermite–Gaussian functions, correspond to the eigen-
modes of the parabolic plasma channel. Matched propaga-
tion �i.e., without spot size oscillations� is possible for a
Gaussian laser pulse a=a0 exp�−x2 /2r2� if the matching con-
dition �kpr�2=kpy is met �where kp=	p /c defines the plasma
wave number�.

Now notice that for the harmonic oscillator, the transi-
tion from Eq. �2� to Eq. �3� is exact due to the fact that all
higher-order derivatives of V vanish. Admittedly, this is a bit
of a coincidence, but it leaves us wondering how the classi-
cal Eq. �3� can faithfully represent the quantum harmonic
oscillator. After all, interference and other nonclassical ef-
fects do occur in the quantum harmonic oscillator. The an-
swer to this paradox is that if the phase information is cor-
rectly encoded in the initial distribution W�x , p , t=0�, then
letting it evolve according to Eq. �3�, will produce the correct
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quantum-mechanical result for W�x , p , t�0�. Interference ef-
fects typically show up as regions in phase space where W
assumes negative values, which is the classically forbidden
region.

Apart from checking the consistency between numerical
codes, there is not much to be gained from comparing the
simulation of Eq. �7� for a parabolic C�x� with the corre-
sponding photon-in-cell simulation, because they show ex-
actly the same result, as expected. Thus, we move on to
present a case where C�x� has a nonparabolic profile, as
shown in Fig. 1. Simulation results for an initial laser profile
a�x�=a0 exp�−x2 /2r2�exp�ik�x� are shown in Fig. 2. The ini-
tial photon distribution is given by a discrete representation
of f�x ,kx�=	0a0

2 exp�−x2 /r2− �kx−k��2r2�; i.e., the Wigner
transform of a�x�. The parameters are a0=1 /3, 	0 /	p=20,
kpy=5, �kpr�2=kpy, k�=−kp /�2, corresponding to injection
of the laser pulse into the waveguide at an angle of about 2°.
The striking qualitative difference between the envelope and
photon kinetic simulation results shows clearly the impor-
tance of the higher-order derivatives of C on the evolution of
�a�2. The result of the photon kinetic simulation can be un-
derstood as phase-mixing of a distribution of particles in an
anharmonic potential, while the most natural interpretation
of the envelope simulation results is a beating of several
eigenmodes of the channel. Because these modes are close to
the “ground state” �in the quantum sense�, the system is
much closer to the “quantum limit” than the “classical limit,”
and therefore it is not surprising to see a big difference be-
tween photon kinetic and envelope simulation results.

B. Relativistic self-focusing

We can also use the one-dimensional model introduced
above to describe the propagation of a laser pulse in a uni-
form plasma, but including relativistic self-focusing.5 In this
case, the function C�a�x��= �1+ �a�2�−1/2 is defined self-
consistently in terms of the vector potential envelope rather
than prescribed as a function of x. The dependence of C on a
arises from the relativistic mass increase of the plasma elec-
trons due to the quiver motion. For simplicity, we neglect the
contribution to self-focusing from the electron density

perturbation or wake excited by the ponderomotive force of
the laser pulse.5 In Fig. 3 we compare the results of envelope
and photon kinetic simulations for a0=2.4, �kpr�2=15. The
dramatic difference is due to the dependence of C on a,

FIG. 1. Nonparabolic channel profile �solid line� and parabolic approxima-
tion �dashed line�.

FIG. 2. Evolution of spatial envelope from simulation of propagation in
nonparabolic channel.

FIG. 3. Evolution of spatial envelope from simulation of relativistic self-
focusing in uniform plasma.
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which sets up a feedback loop in the system, that in turn
leads to rapid growth of small differences between the two
approximations.

As an important aside, we note that the only allowed
choice of the initial photon distribution is the Wigner trans-
form of the vector potential. In earlier work on photon-in-
cell simulations, Tappert et al.15 used an initial photon dis-
tribution that, up to a normalization constant, is equal to
fa�x ,kx�= �kx

2−kp
2�a�2�x� /2�1/2 when the quantity between

brackets is non-negative, and 0 otherwise. They used this
distribution to model a spatial envelope soliton21 a�x , t�
=a0 exp�i�t�sech�a0kpx /2� with �=	p

2�a0
2 /4−1� /2	0, which

is an exact solution of the envelope equation �7� in the limit
of small amplitude, where C�a�x��	1− �a�2 /2. The reason
that the photon-in-cell code produces a stable �a�2-profile
with fa as an initial distribution is that fa is, by construction,
constant along the ray-tracing trajectories; therefore, it
should produce a stable envelope solution for any given pro-
file of �a�2, which is clearly unphysical. The sech profile
gives a stable envelope as an initial condition for the enve-
lope code, but its Wigner transform and the photon-in-cell
code diverges considerably.

C. Long pulse with resonant beat-wave

We now discuss examples of longitudinal laser pulse
evolution using a simple one-dimensional model, relevant to
laser wakefield acceleration. The envelope equation becomes

2i	0

�a

�t
+ 2c

�2a

�s�t
=

	p
2

1 + 

a , �8�

where 
 denotes the dimensionless electrostatic potential de-
scribing the laser wakefield, and s=z−ct is a longitudinal
coordinate moving at the speed of light. In the above equa-
tion, the mixed derivative takes into account the spectral
changes of the laser pulse and energy coupling between the
laser pulse and the wakefield.22 The wakefield is calculated
using the quasistatic approximation6

�2


�s2 =
kp

2

2 
 1 + �a�2

�1 + 
�2 − 1� . �9�

In the first example that we discuss, the initial condition is
a�s�=a0 cos�kps /2�exp�−s2 /2l2�, which represents the sum
of two perfectly overlapping laser pulses with central wave
numbers k�=k0�kp /2. The interference between these
pulses produces a beat-wave pattern that is modulated at the
plasma frequency and resonantly drives the wakefield. The

0 300 600
0

0.5

1

1.5

0 300 600
0

0.5

1

1.5

0 0.5 1

photon-in-ce ll
envel ope

k/k0

ωpt

|â|2

FIG. 4. Spectral evolution from forward Raman scattering simulation. The
spectra are normalized by the maximum over k at each time-step.

FIG. 5. Snapshots of spatial envelope from forward Raman scattering
simulation.
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feedback of the wakefield on the pulse evolution results in a
resonant coupling to other laser wave numbers separated by
multiples of the plasma wave number, in other words it in-
duces a cascade of forward Raman scattering.23 This scatter-
ing cascade is clearly visible in the simulation results shown
in Fig. 4, as contour plots of the Fourier spectrum �â�2�k , t�,
where â�k , t� denotes the spatial Fourier transform of a�s , t�.
Other parameters for the simulation are a0=1 /3, kpl=20.
Figure 4 shows instantaneous coupling to the Stokes and, to
a lesser extent, the anti-Stokes sidebands. The corresponding
evolution of the spatial envelope �a�2�s , t� is illustrated in Fig.
5, which shows the initial envelope profile and two snapshots
at 	pt=400, one from the envelope code and one from the
photon-in-cell code.

The significance of the beat-wave example is to high-
light the role of interference effects. The initial photon dis-
tribution corresponding to a�s� is f�z ,kz�=	0a0

2e−z2/l2

��e−�kz − k+�2l2 +e−�kz − k−�2l2 +2 cos�kpz�e−�kz − k0�2l2�, which con-
sists of three ensembles of photons, two corresponding to the
respective laser pulses and one representing the beat-wave
pattern.17 The third ensemble has regions where f assumes
negative values. The results of the photon-in-cell simulation
with the above f as initial condition are shown alongside the
envelope simulation results in Figs. 4 and 5. Figure 4 shows
clearly that the spectral evolution is completely different.

This is expected, as the photon trajectories are given by the
ray-tracing equations: This means that the photon wave num-
ber spectrum can only change in a continuous way, i.e., with-
out instantaneous coupling to sidebands. Therefore, unlike
the case of a parabolic plasma channel, phase information in
the photon kinetic approximation case does not propagated
correctly, although it is correctly encoded in the initial dis-
tribution. Nonetheless, the photon-in-cell code does remark-
ably well in reproducing the spatial profile of the envelope
code, as seen in Fig. 5. A useful illustration of the difference
between envelope and photon-in-cell codes is a comparison
of the Wigner transform of the envelope with the photon
phase space of the photon-in-cell code, as given by the snap-
shot shown in Fig. 6. The photon phase-space plot confirms
that the mechanism of frequency modulation in the photon-
in-cell simulation is photon acceleration and deceleration of
the three initial photon ensembles, whereas the frequency
modulation in the envelope simulation is attributed to the
creation of more photon ensembles that are separated from
the initial ones by multiples of the plasma wavenumber.

FIG. 6. �Color� Snapshots of Wigner transform and photon phase space
from forward Raman scattering simulation. 0 5000 10000
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FIG. 7. Spectral evolution from split-pulse simulation. The spectra are nor-
malized by the maximum over all k and t.
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D. Short pulse with off-resonant beat-wave

The last example we discuss is a repeat of the previous
case, but now with k�=k0�k0 /4. The results of the envelope
and photon-in-cell simulations with parameters a0=2 /3, kpl
=2 are shown in Figs. 7–9. The spectral evolution now
shows only qualitative agreement, but the spatial envelopes
still compare quantitatively rather well, except for an ab-
sence of the envelope modulation feature in the photon-in-
cell simulations. These differences arise because the third
ensemble of photons has been omitted from the initial photon
distribution. This is justified on the grounds that the beat-
wave interference pattern is modulated at a period much
shorter than the plasma wavelength, which is far from reso-
nance and, hence, very ineffective in exciting a plasma wave.
It is observed that the laser pulses, which are initially per-
fectly overlapping, become separated at later times due to the
difference in group velocity. The leading pulse, consisting of
photons with initial wave number close to k+, is continually
red-shifted as it excites a wakefield, while the trailing pulse,
consisting of photons with initial wave number close to k−, is
both red-shifted and blue-shifted as it slips backward through
several wave buckets of the wakefield excited by the leading

pulse. The simulations indicate that the photon kinetic
method is adequate in describing these phenomena. The
comparison between snapshots of the photon phase-space
plot and the Wigner transform, as presented in Fig. 9, shows
that the evolution of regions with high photon concentration
�which have a deep red color� compares favorably.

V. DISCUSSION

We now discuss possible ways to remedy the failures of
the photon kinetic method that we have uncovered in this
paper. The root cause of these failures is the omission of
higher-order terms in the approximation in deriving Eq. �3�
from Eq. �2�. We suggest that an obvious solution would be
to include several or all of these higher-order terms. How-
ever, the resulting equations are not as easily amenable to
numerical implementation as Eq. �4�. In particular, the
photon-in-cell method based on ray-tracing �method of char-
acteristics� becomes difficult to implement as the higher-
order terms are effectively nonlocal operators in k-space,
which the forward Raman scattering example clearly illus-
trates. Another way to see this is to note that the infinite
series on the right hand side of Eq. �2� can be rewritten24 as
an integral �K�x ,q , t�W�x , p+q , t�dq that involves coupling
between different momenta, where the kernel K�x ,q , t� de-
pends on the potential V�x , t�. An alternative to the photon-
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FIG. 8. Evolution of spatial envelope from split-pulse simulation.

FIG. 9. �Color� Snapshots of Wigner transform and photon phase space
from split-pulse simulation.
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in-cell method is the Vlasov–Fokker–Planck approach where
a continuous f is defined on a phase-space grid. This is com-
putationally very costly and may not be viable, especially
when envelope or full wave codes are more economical. As
an example, consider an implementation of the integral for-
mula given above, which has the obvious advantage of in-
cluding all higher-order terms, which would require evaluat-
ing a double integral for each grid point at each time-step.
Finally, it should be noted that all the examples given in this
paper fall in the category where the slowly varying envelope
approximation is valid. This excludes a number of important
effects in intense laser-plasma interaction, such as backward
Raman scattering. Recently, a generalization of photon ki-
netic theory has been introduced25 that is formally equivalent
to the full wave dynamics for electromagnetic waves in
plasma, and therefore includes all of these effects. Whether
this generalized photon kinetic theory is amenable to numeri-
cal modelling is, at present, unclear.

VI. CONCLUSION

We have studied the slowly varying envelope and photon
kinetic approximations for laser pulse propagation in under-
dense plasma by comparing the results of numerical simula-
tions based on envelope and photon-in-cell codes. The enve-
lope codes are known to give the correct result for all the
examples given in this paper. Thus, any discrepancies imply
a failure of the photon kinetic theory. We have seen that for
laser pulse propagation in a nonparabolic plasma channel
and for relativistic self-focusing in a uniform plasma, the
photon kinetic code does not reproduce the correct spatial
envelope profile. In the case of two overlapping pulses pro-
ducing a resonant beat-wave, the photon kinetic code repro-
duces the correct spatial profile, but does not describe the
spectrum correctly. In the case of two short overlapping
pulses producing an off-resonant beat-wave, the photon ki-
netic code compares well with the envelope code producing
spatial envelopes that agree quantitatively. However, the
spectral evolution only agrees qualitatively in this case. It is
remarkable that such good qualitative agreement is produced
in spite of leaving out the beat-wave information from the
initial photon distribution. The discrepancies found above are
attributed to the truncation of an infinite series of higher-

order terms in a Taylor expansion, and are possibly remedied
by inclusion of one or more of these higher-order terms.
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