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SACSE in a FEL ampli"er with energy spread
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Abstract

An analysis of the Free Electron Laser (FEL) operating in the non-linear high-gain regime and including the e!ects of
Coherent Spontaneous Emission (CSE) and electron energy spread is presented. The results from this model are
compared with previous work which neglected the e!ects of CSE. The results show that CSE can signi"cantly reduce the
start-up time and enhance the generation of high intensity, short, superradiant radiation pulses in a poor-quality electron
pulse. ( 2000 Elsevier Science B.V. All rights reserved.

PACS: 41.60.C

1. Introduction

The interaction between the electrons and radi-
ation in an FEL ampli"er may be initiated by &shot
noise' emission, due to the random position of
electrons within the electron pulse, or by a small
resonant seed "eld injected into the interaction
region. When the radiation develops in an ampli"er
from shot noise, the process has been called self-
ampli"ed spontaneous emission (SASE) [1]. FELs
operating in the SASE regime at infrared
wavelengths have been the subject of recent experi-
mental investigation [2}5] with a view to providing
a proof-of-principle veri"cation of SASE operation
for potential VUV/X-ray FELs [6,7].

Another spontaneous emission process that can
initiate the FEL interaction arises from the initial
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current pro"le, or &shape' of the electron pulse. This
has been called &coherent spontaneous emission'
(CSE) [8,9] and has been the subject of a number of
recent studies, both theoretical and experimental
[8}13]. CSE with intensities several orders of mag-
nitude greater than that due to shot noise alone
may occur when the current pro"le of the electron
pulse changes signi"cantly on the scale of a radi-
ation wavelength. An analysis of the ampli"cation
of CSE was originally carried out for the Cheren-
kov maser [12], its interaction being described by
a set of equations that are very similar to those
describing the FEL. The ampli"cation of CSE in
the FEL has been shown numerically to be super-
radiant in nature, yielding higher peak powers than
SASE alone and reducing shot-to-shot #uctuations
[13]. This process has been called self-ampli"ed
coherent spontaneous emission (SACSE) [13] and
to date has been modelled only with monoenergetic
electron pulses.

Here, we present an analysis of SACSE including
the e!ects of energy spread in the electron pulse.
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We make a comparison with a previous method of
analysis where CSE is absent and show that, for an
electron pulse with a rectangular current distribu-
tion, SACSE may signi"cantly enhance radiation
powers.

2. Theory

To date, most analytical studies of the FEL oper-
ating with electron pulses have involved the aver-
aging and discretisation of the wave equation over
an interval equal to or greater than a radiation
period [14]. This restricts the description of the
"eld evolution to situations where the current pro-
"le of the electron pulse changes negligibly on the
scale of the radiation period. In Ref. [13] no such
average was performed allowing for a more accu-
rate description of the electromagnetic "eld evolu-
tion.

As with [13], we consider the interaction be-
tween a pulse of electrons with an initial mean
energy ScT

0
mc2 which is resonant with a plane,

circularly polarised radiation "eld in a helical wig-
gler FEL. The "eld evolution is described by Max-
well's wave equation and the electron trajectories,
which determine the source current for the radi-
ation "eld, are governed by the Lorentz force
equation. In terms of the scaled variables and as-
sumptions of Ref. [13], the coupled Maxwell/
Lorentz equations may be written
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An energy spread may be modelled by a distribu-
tion of the scaled momentum parameter p
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is the resonant energy for the

radiation "eld. In what follows, we assume the

electrons are distributed uniformly in scaled posi-
tion and momentum space over the intervals
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is the mean detuning of the elec-

trons from resonance and p
p

is the half-width of the
scaled momentum distribution. Note that the ef-
fects of electron-beam emittance may be modelled
in an identical way by introducing an e!ective
spread in the resonant energies c

3
of the electrons as

described in Ref. [15].
The scaled equations (1) and (3) may be solved

using the "nite element method [16,17] to describe
the "eld. This method allows the e!ects of CSE and
SACSE to be modelled numerically. Note that
a linear analysis of an equivalent set of equations
has been given in Ref. [11]. An almost identical set
of equations and solution method have been de-
rived for the Cherenkov maser interaction in which
SACSE has also been predicted to occur [12]. An
alternative numerical method to that presented
here is given in Ref. [10] where a Fourier analysis is
used.

To the authors' knowledge, apart from
[10,12,13] previous numerical analyses have aver-
aged the wave equation (3) over at least one radi-
ation period (e.g. as in Ref. [14]), here corresponding
to an interval in z6

1
of [0,4po], within which the

charge weightings s
j

are assumed equal. In this
case, the "eld is an averaged variable, A(z6 ,z6
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)P
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), and the source term of Eq. (3) reduces to
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is over the electrons contained

within the periodic interval of z6
1

centred at the
positions where the radiation "eld and electron
pulse has been sampled and averaged, and s(z6

1
) is

the electron charge weighting function evaluated at
the averaging positions. Although this &averaged
model' can describe some aspects of the pulsed, self
consistent interaction of radiation and electrons
such as superradiance, it cannot describe the e!ects
of SACSE.
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Fig. 1. The scaled "eld intensity DAM D2 of the SACSE model
plotted as a function of z6

1
when z6 "15, for a rectangular

electron pulse current pro"le of scaled length lM
%
"15 and

o"0.01

Fig. 2. The scaled "eld intensities DAD2 for the averaged model,
plotted as functions of z6

1
when z6 "15, for a rectangular electron

pulse current pro"le of scaled length lM
%
"15 and o"0.01.

3. Results

The signi"cant in#uence of CSE on the FEL
interaction is now shown by solving both the aver-
aged and unaveraged equations for a rectangular
electron pulse shape initially distributed over the
interval 0(z6

1
(lM

%
where lM

%
"15 is the scaled

length of the pulse. This pulse is assumed to have
a uniform scaled momentum distribution of half-
width p

p
"1.5 centred at the resonant energy so

that d"0. Such a uniform momentum space distri-
bution corresponds to charge weightings of
s
j
"1 ∀j.
It would be expected that the e!ects of energy

spread would have no signi"cant e!ect upon the
CSE process as the radiation emitted in this way
depends primarily upon the current distribution, or
&shape', of the electron pulse. This has been con-
"rmed, with initial CSE radiation "elds being inde-
pendent of the electrons' energy distribution. The
energy distribution has an e!ect on CSE only in
that the shape of the pulse may change due to the
di!erential electron velocities.

In the absence of shot-noise, the averaged model
is only exponentially unstable if the electrons inter-
act with a non-zero "eld input at the beginning of
the interaction region, whereas the unaveraged
model may amplify any initial "eld and, in addition,
the self-generated CSE. We assume an initial scaled
input "eld of A

0
"A(z6 "0, z6

1
)"10~3 for both

averaged and unaveraged interactions modelled here.
Using the linear analysis of Ref. [15], it is easily

shown that there is a threshold in the energy spread
above which there can be no exponential growth of
the "eld in the steady-state region of the electron
pulse de"ned by the range z6 (z6

1
(lM

%
. This thresh-

old occurs at p
p
"(27/4)1@6+1.37, (for d"0) so

that for the spread used here no exponential
steady-state evolution of the "eld occurs. (Note,
however, that a maximum in the gain occurs for
d"p

p
which is not considered here.)

Using the above parameters, and a FEL para-
meter of o"0.01, in Fig. 1 we plot the scaled
radiation intensity DAD2 as a function of z6

1
for

a scaled interaction length of z6 "15 obtained from
a numerical solution of the unaveraged equations.
It can be seen that SACSE produces a high-inten-
sity spike of radiation. The CSE within the slippage

region acts as a strong seed "eld from which the
high-intensity spike of radiation quickly develops
as it is ampli"ed on propagating through the elec-
tron pulse. Comparison with a solution of the aver-
aged model solved using identical parameters is
shown Fig. 2. The enhanced radiation emission
when CSE e!ects are included in the model clearly
demonstrates the importance of SACSE in the
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Fig. 3. The scaled radiation energies E(z6 ) for (a) the SACSE
model, and (b) the averaged model, plotted as functions of z6 , for
a rectangular electron pulse current pro"le of scaled length
lM
%
"15. In both cases o"0.01.

non-linear evolution of the radiation "eld. It can be
shown that the intensity spikes, both with and
without the e!ects of CSE, are superradiant in
nature, their intensity being proportional to n2

%
,

where n
%

is the electron density of the electron
pulse.

Although in the absence of SACSE an intense
spike does eventually evolve, its evolution is signi"-
cantly retarded. To the authors knowledge, the
superradiant emission from an electron pulse with
an energy spread above the threshold limit for
growth (in the steady state) has not been reported
before in either the SACSE or the averaged model.

In order to investigate the energy emitted by
the electron pulse, we de"ne the scaled radiation
energy

E(z6 )"P
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1
.

This is plotted in Fig. 3 for both the SACSE and
averaged model examples of Figs. 1 and 2. It is seen
that, for this example, the energy emitted by the
electron pulse in the SACSE model is approxim-
ately 200 times that of the averaged model at the
end of the interaction region. Once a self-similar
type superradiant pulse has been established, the
scaled energy E takes on the non-exponential form

E(z6 )Jz6 3@2. The transition to this scaling can be
seen for the SACSE solution for z6 '12. The radi-
ation emitted in the averaged model solution has
not attained a self-similar solution and the super-
radiant scaling of the scaled energy has not yet
developed.

4. Conclusions

We have presented a one-dimensional analysis of
a high-gain FEL ampli"er in the Compton limit,
operating with a rectangular shaped electron cur-
rent pro"le, and taking into account the e!ect of
CSE and electron energy spread on the electron-
radiation "eld interaction. As CSE depends prim-
arily upon the shape of the electron pulse, electron
pulse quality has little e!ect upon its generation. It
was shown for a speci"c example that self-ampli"-
cation of CSE (SACSE) from such a poor-quality
electron pulse generates a strong superradiant
pulse of radiation. The peak intensity and the en-
ergy emitted were both signi"cantly greater than
that where CSE e!ects are not included in the
model.

These results are important for FEL experiments
where variations of the electron pulse current on
the scale of the radiation wavelength are signi"cant
and where electron pulse quality would previously
have been thought to prohibit any radiative insta-
bility for the resonant interaction (d"0).
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