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Abstract. Experimental evidence for nonlinear optical behaviour due to the
spontaneous formation of wavelength-scale density modulations or gratings in
suspensions of dielectric particles is presented. A collection of dielectric par-
ticles pumped by a coherent radiation ®eld may simultaneously form a density
grating on the scale of the radiation wavelength and a coherently backscattered
radiation ®eld. The particle density grating is generated as a result of a periodic
ponderomotive potential formed by the interference of the pump and back-
scattered ®elds. The experiment used a water suspension of latex microspheres
(radius º 56 nm) pumped by a green CW laser (532 nm, power 4 5W). A
theoretical model of collective scattering of light from dielectric particles has
been extended to include the e� ects of viscous and Brownian forces on the
particles. This model predicts a small degree of particle bunching from which
coherent backscattering of the pump occurs. The results of the theoretical
model compare favourably with the experimental evidence. The relation
between the results presented here and the phenomenon of Collective Rayleigh
Scattering (CRS) is discussed.

1. Introduction

Dielectric particles that are small compared with the wavelength of an incident
radiation ®eld exhibit Rayleigh scattering behaviour [1]. A new classical scattering
phenomenon called `Collective Rayleigh Scattering’ (CRS) has been predicted [2],
which involves the spontaneous formation of a particle density modulation on the
scale of the radiation wavelength, thereby forming a refractive density grating.
Radiation backscattering from such an ensemble of particles is therefore coherent.
In the ®eld of nonlinear optics, these density gratings represent potentially novel
nonlinear optical media with applications as arti®cial Kerr media [3], tunable
photonic bandgap materials [4] and also to facilitate feedback in random lasers [5].

The grating may be spontaneously generated via the interaction of the particles
with a radiation pump ®eld and a small counterpropagating radiation probe ®eld
(which may arise from noise due to random ¯uctuations in the particle density)
that produces periodic ponderomotive forces in the particle ensemble. The
collective nature of CRS may result in an exponentially growing counterpropagat-
ing radiation probe ®eld. The phenomenon is analogous to the periodic bunching
of free electrons in the free-electron laser (FEL) [6], and atoms in the collective
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atomic recoil laser (CARL) [7], both processes resulting in the emission of

coherent radiation.
The ®rst results from an experiment designed to observe this phenomenon and

the theoretical framework of CRS in a viscous background medium are presented.

The experiment consists of a suspension of latex nanoparticles in water

pumped by a green CW laser. A fraction of the backscattered ®eld is coupled

into an optical cavity containing the nanoparticle suspension. The use of the cavity

should assist in the probe ®eld/nanoparticle coupling and the subsequent forma-
tion of a strong particle density grating. Although problems were encountered in

optimizing this cavity enhanced coupling, evidence of a weak grating formation

was obtained that concurs with theoretical predictions.

2. Experimental set-up

The experimental set-up with the linear cavity is displayed in ®gure 1. These

experiments have been conducted at the University of Strathclyde TOPS user

facility [8]. The pump laser is a CW Nd:YVO4 laser operating at wavelength

¶0 ˆ 532 nm and power P 4 5 W. It is focused to a waist w0 ˆ 75 mm inside a cubic

cuvette of volume 1 cm3 containing the dielectric particles suspended in water
(refractive index n ˆ 1:33 and viscosity ² ˆ 1:1 £ 10¡3 Nsm¡2). The particles are

latex microspheres of mean radius a = 56 nm, refractive index n1 ˆ1.59, density

»p ˆ 1:06 £ 103 kg m¡3 and number density Np 4 1012 cm¡3. Their terminal velo-

city in water is less than 1 nm s¡1 so gravitational settling of the particles is

negligible in the time frame of the experiment. With the expected evolution of a

density grating occurring on a millisecond time scale, convection currents in the

background medium due to heating by the pump ®eld can also be neglected as such
currents take some seconds to be initiated.
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Figure 1. Plan view of experimental set-up.



A fraction of the backscattered radiation from each particle is coupled into a
longitudinal mode of a linear cavity. This fraction, determined by the solid angle
subtended by the cavity focusing lens, is approximately 10¡3 of the total scattered
®eld. Owing to a small mis-alignment between the pump and scattered (probe)
®elds of ¹58, the pump ®eld is not directly coupled into the cavity mode. This
geometry predicts the axis halfway between the pump/cavity axes would form the
normal to the planes of any particle density grating. The cavity, of length
L ˆ 21 cm, is formed by two plane dielectric mirrors (coe� cient of re¯ectivity
R ˆ 0:9994) with a plano-convex lens present to provide stability. The transmitted
®eld at one mirror is detected using a high-bandwidth silicon photodiode with
integral ampli®er.

Problems were experienced in adjusting the cavity to a resonant mode of the
pump frequency, this problem being attributed to the high cavity ®nesse. In the
experiment, therefore, coupling to a cavity mode was small and feedback con-
siderably reduced. The system would then act more as a single-pass ampli®er of
the small backscattered component of the `spontaneous radiation’ that arises from
the random incoherent Rayleigh scattering from the particles. Despite the reduced
probe ®eld/nanoparticle coupling, experimental evidence was obtained which
demonstrates a nonlinear scattering behaviour of the system consistent with the
formation of a density grating of the latex microspheres as predicted by the
theoretical model presented in the following section.

The dependence of the probe power in the cavity as a function of the pump
power is presented in ®gure 2 for four di� erent latex particle number densities.
Figures 2(a) and (b) are for dilute solutions and ®gures 2(c) and (d) are for denser
solutions. It should be emphasized that for the larger densities the single scattering
regime is valid so that the nonlinear behaviour may not be attributed to the e� ects
of multiple scattering. The linear dependence of the probe power is as expected for
the dilute solutions. However, for the larger particle densities, a nonlinear
dependence of probe power is observed for higher values of the pump power.
This nonlinear behaviour is attributed to a small degree of particle bunching.

Modelling

3.1. Model of Collective Rayleigh Scattering in a viscous medium
A simple one-dimensional model is used to describe the experiment discussed

in the previous section. It consists of a strong plane pump wave, scattered by an
initially uniform spatial distribution of dielectric Rayleigh particles suspended in a
viscous medium, and an initially very weak counterpropagating plane wave probe,
as shown schematically in ®gure 3.

The form of the E-®eld in the medium is

E ˆ E1…z; t† ‡ E2…z; t†; …1†

where E1…z; t† ˆ ‰A1…z; t† exp…i…kz ¡ wt†† ‡ c:c:Šx̂x is the E-®eld of the initially weak
probe ®eld and E2…z; t† ˆ ‰A2 exp …¡i…kz ‡ wt†† ‡ c:c:Šx̂x is the E-®eld of the strong
pump ®eld, which we assume here to be of constant amplitude, c=n is the speed of
light in the medium, k ˆ 2º=¶m is the wavenumber, ¶m ˆ ¶0n is the wavelength of
the light in the medium, n is the refractive index of the medium and x̂x is a
transverse unit vector.
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The force on the jth particle exerted by the optical ®elds can be derived from
the Lorentz force equation to be [2]

Fj ˆ @dj

@t
£ B…zj; t†; …2†

where B…z; t† ˆ …n=c†ẑz £ …E1 ¡ E2† is the magnetic ®eld of the electromagnetic

wave, dj is the dipole moment of the jth particle induced by the E-®eld at z ˆ zj

(the axial position of the jth particle) given by

dj ˆ "0"mVp‰À…A1…t† exp …i…kz ¡ !t†† ‡ A2 exp …¡i…kz ‡ !t††† ‡ c:c:Šx̂x: …3†
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Figure 2. Probe power in the cavity as a function of the pump power for particle
number density of (a) 9 £ 109 cm¡3, (b) 3 £ 1010 cm¡3, (c) 5 £ 1010 cm¡3 and (d)
7 £ 1010 cm¡3. The curves represent best ®t curves.
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Figure 3. Schematic of CRS experiment.



"0 is the permittivity of free space, "m is the relative permittivity of the viscous
medium and Vp ˆ 4ºa3/3 is the particle volume. The susceptibility of the di-
electric particle is À ˆ À

1
‡ iÀ

2
, where

À
1

ˆ 3"0
"p ¡ "m

"p ‡ 2"m

³ ´

represents the dispersive response of the dipole and

À
2

ˆ 2…ka†3"2
0

"p ¡ "m

"p ‡ 2"m

³ ´2

represents the dissipative response of the dipole, due to damping via re-radiation,
i.e. incoherent Rayleigh scattering. Substituting for B and dj in equation (2) and
following the derivation described in [2], the dynamics of the particles under the
in¯uence of the electromagnetic ®elds, the viscous drag force due to the medium
and the stochastic Brownian forces exerted on the particle by the molecules of the
suspending medium are described by

dzj

dt
ˆ

pj

M
; …4†

dpj

dt
ˆ 2"0Vp‰iÀA2…A1…t† exp …2ikzj† ¡ c:c:† ‡ À2…jA1…z; t†j2 ¡ A2

2†Š ¡ ®pj ‡ f …t†; …5†

where pj is the z-component of the momentum of the jth particle, ® ˆ 6ºa²=M is
the viscous momentum damping coe� cient derived from Stokes law, f …t† is a
randomly ¯uctuating force and M is the mass of the particle.

The dynamics of the probe ®eld are found from Maxwell’s wave equation:

@2

@z2
¡ n2

c2

@2

@t2

³ ´
E…z; t† ˆ ·0

@2P…z; t†
@t2

…6†

where ·0 is the permeability of free space and P…z; t† is a macroscopic polarization
arising from the contributions of the dipole moments of all the particles, i.e.

P…z; t† ˆ
XN

jˆ1

dj¯…r ¡ rj…t††: …7†

Substituting for E and dj and again following the derivation of [2], it can be shown
that the evolution of the complex amplitude of the probe ®eld, A1…t†, is described
by

@A1

@z
‡ n

c

@A1

@t
ˆ ikVpÀNp

2
…A2hexp …i³†i ‡ A1† …8†

where

h. . .i ˆ 1

N

XN

jˆ1

…. . .†j

denotes a local average over the ensemble of N particles in a ponderomotive
potential.

Equations (4), (5) and (8) can be reduced to a universally scaled form using the
dimensionless parameters
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³j ˆ 2kzj; ·ppj ˆ pj

»Mc2
; ·tt ˆ 2!»t; ·zz ˆ 2k»z;

·AA1 ˆ ¡2i

������������������
"0"m

»NpMc2

r
A1; ·®® ˆ

3ºa²

!»M
; ¬ ˆ À

2

À
1

; » ˆ
NpVpÀ

1

4
;

…9†

where ·®®, ¬ and » are dimensionless viscous damping, incoherent scattering and
coupling parameters, respectively. Using these parameters, the evolution of the
particles and ®elds are described by:

@³j

@·tt
ˆ ·ppj; …10a†

@ ·ppj

@·tt
ˆ ¡… ·AA1

·AA¤
2 exp …i³† ‡ c:c:† ‡ ¬…j ·AA1j2 ¡ ·AA2

2† ¡ ·®®·ppj ‡ f …t†; …10b†

@ ·AA1

@·tt
‡ @ ·AA1

@·zz
ˆ …1 ‡ i¬†… ·AA2hexp …i³†i ‡ i ·AA1†: …10c†

The initial conditions for equations (9) correspond to a very weak probe ®eld
intensity and particles with a uniform distribution of positions and a Gaussian
momentum distribution with width ¼p given by

¼p ˆ
n

»

����������
kBT

Mc2

r

where kB is Boltzmann’s constant and T is the temperature.
In the limit of strong viscous damping, it is possible to eliminate adiabatically

the particle momentum variables ·ppj, so that equations (10a) and (10b) reduce to

@³j

@·tt
ˆ ¡ 1

·®®
… ·AA1

·AA¤
2 exp …i³j† ‡ c:c:† ‡ ¬

·®®
…j ·AA1j2 ¡ ·AA2

2† ‡ f …t†
·®®

: …11†

This equation, which describes the evolution of the particle positions (³j) under
the action of a position-dependant deterministic force and a stochastic force, can be
replaced by a Fokker±Planck equation describing the evolution of the particle
probability distribution P…³; ·tt†.

@P…³; ·tt†
@·tt

ˆ ¡ @

@³
¡ 1

·®®
… ·AA1

·AA¤
2 exp …i³† ‡ c:c:† ‡ ¬

·®®
…j ·AA1j2 ¡ ·AA2

2†
³ ´

P…³; ·tt†
µ ¶

‡ ·®®¼2 @2P…³; ·tt†
@³2

: …12a†

Similarly, the probe ®eld evolution equation (10b) can be replaced by

@ ·AA1

@·tt
‡ @ ·AA1

@·zz
ˆ …1 ‡ i¬† ·AA2

…
P…³; ·tt† exp …i³† d³ ‡ i ·AA1

³ ´
: …12b†

Assuming P…³; ·tt† is periodic in ³, equations (12a,b) can be written in terms of the
spatial harmonics of P…³; ·tt†, i.e. P…³; ·tt† ˆ

P
k Pk…·tt† exp …ik³†

dPk

dt
ˆ i

k

·®®
… ·AA1

·AA¤
2Pk¡1 ‡ ·AA¤

1
·AA2Pk‡1† ¡ k

i

·®®
¬…j ·AA1j2 ¡ j ·AA2j2† ‡ ·®®¼2

pk

³ ´
Pk; …13a†

where P0 ˆ 1=2º and P¡n ˆ P¤
n. Consequently, the probe evolution equation (12b)

becomes
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@ ·AA1

@·tt
‡ @ ·AA1

@·zz
ˆ …1 ‡ i¬†…2º ·AA2P1 ‡ i ·AA1†: …13b†

It can be seen from equation (13b) that a particle density modulation (P1) can
couple the pump and probe ®elds. The nature of the coupling depends on the
strength and the phase of the density modulation, i.e. the position in the
ponderomotive potential around which the particles bunch.

3.2. Explanation of experimental results from a CRS-like model
Equations (13a,b) are solved under steady-state conditions …@=@·tt ˆ 0† neglect-

ing spatial harmonics of P…³; ·tt† higher than the ®rst. Assuming j ·AA1j ½ j ·AA2j, and
j ·AA2j2 ½ ·®®¼2

p=¬, as is the case for the experiments described earlier, the steady-state
solution for P1 is:

P1 ˆ i
·AA1

·AA¤
2

2º·®®2¼2
p

; …14a†

so that the steady-state equation for the probe ®eld is

d ·AA1

d·zz
ˆ …1 ‡ i¬†…2º ·AA2P1 ‡ i ·AA1†; …14b†

which can be combined to give a single equation for the probe intensity ·II1 ˆ ·AA1
·AA¤

1.

d·II1

d·zz
ˆ ¡2¬ 1 ‡

·II2

·®®2¼2
p

Á !
·II1 ‡ ·IIs; …15†

where ·II2 ˆ ·AA2
·AA¤

2 is the scaled pump intensity and ·IIs is a phenomenological seed or
source ®eld, de®ned as

·IIs ˆ f ¡ d·II2

d·zz

³ ´
ˆ 2¬f ·II2:

Physically, this incoherent seed ®eld arises from the fraction, f, of the pump ®eld
intensity which is Rayleigh scattered into the solid angle subtended by the cavity
focusing lens. The solution of (14) is

·II1…·zz† ˆ f ·II2

·II2

·®®2¼2
p

‡ 1

Á ! 1 ¡ exp …¡2¬†
·II2

·®®2¼2
p

‡ 1

Á !

·zz

" #
…16†

It can be seen from (16) that for ·II2 ½ ·®®2¼2
p, the probe ®eld intensity depends

linearly on the pump intensity, i.e. ·II1 / ·II2. By contrast, for scaled pump intensities
·II2 º ·®®2¼2

p or greater, the probe ®eld intensity has a nonlinear dependence on the
pump intensity. Using parameters that correspond to the graphs shown in ®gure 2,
i.e. a ˆ 56 nm, ¶0 ˆ 532 nm, "m ˆ n2 ˆ 1:77, "p ˆ 2:56, sample length L ˆ 1:3 cm,

² ˆ 1:1 £ 10¡3 Nsm¡2, wo ˆ 75 mm, T ˆ 300 K and f ˆ 1 £ 10¡3, equation (16)
predicts the variation of probe power as a function of pump power for di� erent
particle number densities as shown in ®gure 4.

From a comparison of ®gures 3 and 4, it can be seen that equation (16)
describes the transition of the dependence of the probe power on the pump power
from approximately linear for the most dilute samples to strongly nonlinear for the
densest samples.
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The origin of this nonlinearity is a spatial modulation in the particle number
density (P1) with period º¶=2. It can be seen from equation (14) that the e� ect of
the density modulation is to increase the rate of loss of the probe ®eld due to
incoherent Rayleigh scattering by a factor

1 ‡
·II2

·®®2¼2
p

:

This factor arises from the fact that the dipole moment on each particle is induced
by both the pump and probe ®elds. The evolution of the probe ®eld is determined
by the component of the polarization wave produced by the collection of oscillating
dipoles which copropagates with the probe ®eld, i.e. the RHS of equation (8) or
equation (14). Let us consider three cases:

(i) In the absence of the pump ®eld ( ·AA2 ˆ 0), the polarization wave is simply
proportional to the probe ®eld ( ·AA1) and attenuation of the probe due to
ordinary incoherent Rayleigh scattering occurs.

(ii) In the presence of the pump ®eld ( ·AA2 6ˆ 0) but when the particles are ®xed
and uniformly distributed in space (hexp …¡i³†i ˆ P1 ˆ 0), the component
of the polarization wave copropagating with the probe ®eld is still simply
proportional to the probe ®eld, as the contribution from the pump ®eld to
the dipole moment of each particle averages to zero.

(iii) In the presence of the pump ®eld ( ·AA2 6ˆ 0) but when the particle density
distribution is spatially periodic (hexp …¡i³i; P1 6ˆ 0), the component of
the polarization wave copropagating with the probe ®eld is greater than
that arising from the probe ®eld alone. The additional contribution to the
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Figure 4. Probe power as a function of the pump power as calculated from equation
(16) for particle number density (a) 9 £ 109 cm¡3, (b) 3 £ 1010 cm¡3, (c)
5 £ 1010 cm¡3 and (d) 7 £ 1010 cm¡3.



dipole moment of each particle, which arises from the pump ®eld, adds up
coherently owing to the spatial modulation in the particle density distri-
bution. This increased dipole amplitude leads to an increased rate of re-
radiation (incoherent Rayleigh scattering) and attenuation of the probe
®eld. This is the physical reason for the saturation of the probe power for
high densities, where the additional coherent contribution to the polariza-
tion amplitude is strongest.

It is useful at this point to discuss the relationship between the results presented
here and the phenomenon of CRS ®rst predicted in [2]. In the original theoretical
studies of CRS, the particles were not assumed to be suspended in a viscous
medium but were assumed to be free in vacuum, and incoherent Rayleigh
scattering was neglected (¬ ˆ 0). It was shown in [2] that a backscattered probe
®eld and a particle density modulation could be strongly ampli®ed in such a system
owing to strong particle bunching in a periodic ponderomotive potential. The
inclusion of viscous e� ects, incoherent Rayleigh scattering (¬ > 0) and Brownian
particle motion in the CRS model opens the possibility of other types of behaviour
in addition to the original CRS. The results presented here show that the back-
scattered ®eld and density modulation produced in our experiments are weak,
although su� cient to produce nonlinear optical behaviour. In true CRS, as
originally described in [2], the probe ®eld can be ampli®ed to values comparable
to that of the pump and very strong density modulations can be produced.

An important distinction between true CRS and the phenomena described here
is the position in the ponderomotive potential about which the particles bunch,
relative to the light intensity distribution. In true CRS, the particle density
modulation and the standing-wave intensity modulation formed by the counter-
propagating ®elds are approximately in phase and a dynamic phase shift of the
probe ®eld, similar to that which occurs in the high-gain FEL [6] allows a large
energy exchange from pump to probe. By contrast, for the system described here
where viscous e� ects play a major role, it can be seen from equation (14a) that the
particle density modulation (P1) and the intensity modulation are º=2 out of phase
(P1 / i ·AA1

·AA¤
2). In addition, as equation (16) contains no phase information, the

phase of the probe ®eld does not play a sign®cant role in the interaction. These
conditions prohibit signi®cant energy exchange from pump to probe. Conse-
quently, while the phenomena described in this paper contain many features in
common with CRS, namely nonlinear optical behaviour of a backscattered ®eld
resulting from the spontaneous generation of a particle density modulation, they
also exhibit signi®cant di� erences from true CRS as originally described in [2],
e.g. the induced modulation does not behave as a re¯ective grating but as a
dissipative grating structure.

4. Conclusion

Experimental evidence for nonlinear optical behaviour due to the spontaneous
formation of wavelength-scale density modulations or gratings in suspensions of
dielectric particles has been presented. The particle density grating is generated as
a result of a periodic ponderomotive potential formed by the interference of the
pump and backscattered (probe) ®elds. It has been shown that the experimental
results are well described using a model originally developed to investigate CRS.
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The results of the experiment and theory indicate that the system is currently
operating in a regime where the backscattered ®elds and the spontaneous density
gratings are of small amplitude, although su� ciently large to produce nonlinear
optical behaviour. After re®ning aspects of this experiment, e.g. increasing the
cavity Q-factor, and using further predictions from the CRS model based on the
agreement observed to date, the prospects for future observation of the true CRS
regime with spontaneous high-gain ampli®cation of the backscattered ®eld as
originally predicted in [2] are encouraging.
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